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Abstract 



o; 

We present spinning Q-balls and boson stars in four dimensional anti-de Sitter spacetime. These 
—I 1 are smooth, horizonless solutions for gravity coupled to a massive complex scalar field with a harmonic 

dependence on time and the azimuthal angle. Similar to the flat spacetime configurations, the angular 
momentum is quantized. We find that a class of solutions with a self-interaction potential has a limit 
corresponding to static solitons with axial symmetry only. An exact solution describing spherically 
symmetric Q— balls in a fixed AdS background is also discussed. 

a -1 1 Introduction 

£J} Anti-de Sitter (AdS) gravity coupled to scalar fields only, has received recently considerable attention. This 

simple model admits both soliton [1], [2], [3], [4], and black hole solutions (see e.g. [5], [6], [7], [8], [9], [10]) 
with interesting properties, the resulting picture being in strong contrast with the one found in the absence 
■ of a cosmological constant. Moreover, since scalar fields generically enter the gauge supergravity models, the 

I/"") , study of such solutions is also relevant to the AdS/CFT conjecture. 

However, most of the studies in the literature assume that the scalar fields are real and have the same 
symmetries as the underlying spacetime. It is interesting to ask if the known solutions in [l]-[9] can be 
generalized for a complex scalar field. In formulating a scalar field ansatz in this case, it is natural to take 
a separation of variables 

= e- <w V(2) ) (1.1) 



(with t, x the time and space coordinates, respectively) such that the energy-momentum tensor is time 
independent (note that in general, cj>(x) is a complex function as well). This model possesses a conserved 
current 



i" = -*(**^-^**), j% = o, (i.2) 

and a conserved Noether charge Q, which is the integral over a t = const, hypersurface of the j component 
of the current. 

Scalar field configurations carrying a global U(l) Noether charge have been extensively studied in the 
literature, for a Minkowski spacetime background and four spacetime dimensions. While black hole solutions 
are rather difficult to find in this case [11], [12], the spectrum of smooth horizonless solutions with harmonic 
time dependence is very rich. For example, one finds (non-topological) soliton solutions even in the absence of 
gravity-the so-called Q— balls [13], [14], [15]. There, the scalar field possesses a potential which is necessarily 
non-renormalizable 1 . When gravity is coupled to Q— balls, boson stars arise (see the review work [18]). 
Moreover, in this case, solutions with rather similar properties are found even for a potential consisting in 
a mass term only [19], [20], [21]. The self-gravity of such objects is balanced by the dispersive effect due to 
the wave character of the complex scalar field. 



1 It is interesting to note that Q— ball solutions appear in supersymmetric generalizations of the standard model [16]. They 
may be responsible for the generation of baryon number or may be regarded as candidates for dark matter [17]. 
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The study of boson stars and Q-balls in AdS spacetime has received relatively little attention, only 
spherically symmetric solutions being discussed so far [22], [23], [24] (see, however, the planar solitons with 
a complex scalar field in [25]). While the results in [22] for a gravitating massive scalar field without self- 
interaction are rather similar to those valid in the asymptotically flat limit, the recent study [24] has shown 
the existence of some new features in the case of Q-ball solutions. 

For a vanishing cosmological constant, A = 0, the scalar solitons admit also rotating generalizations [26], 
[27], [28], [29], [30]. These are stationary localized solutions possessing a finite mass and angular momentum. 
Interestingly, their angular momentum is quantized J = nQ (with n an integer), and the energy density 
exhibits a toroidal distribution. 

The main purpose of this work is to investigate the existence of spinning scalar solitons for the case 
of a four dimensional AdS background 2 . These solutions are found by solving numerically a set of partial 
differential equations with suitable boundary conditions. Irrespective of the scalar field potential, they 
exhibit the same quantization of the angular momentum as for A = 0. We find that the spinning solutions 
emerge as perturbations of the AdS spacetime for a critical value of the frequency which is fixed by the 
scalar field mass and the cosmological constant. In the absence of a scalar field self-interaction, the basic 
properties of the solutions are rather similar to those of the asymptotically flat counterparts. New features 
are found once we allow for self-interaction terms in the potential leading to a violation of the positive energy 
condition. For example, we find a class of solutions with a smooth uj = limit, describing static axially 
symmetric solitons. 

2 The model 

2.1 The action and field equations 

We consider the action of a self-interacting complex scalar field $ coupled to Einstein gravity with a negative 
cosmological constant A = — 3/£ 2 , 



' ,{R- 2A) - V (<!>>,„ + - um) 



16nG y ' 2" 



(2.3) 



where R is the curvature scalar, G is Newton's constant, the asterisk denotes complex conjugation, and U 
denotes the scalar field potential. 

Variation of the action with respect to the metric leads to the Einstein equations 

= - \g^R + K 9fJtv - SttGT^ = , (2.4) 



where T M „ is the stress-energy tensor of the scalar field 



(2.5) 



Variation with respect to the scalar field leads to the matter field equation, 



1 =a„( > /=5^$) - -^<F (2.6) 



V=5 ' 
The potential U can be decomposed according to 

um)=n 2 \$\ 2 +u int (m), (2.7) 

where /j, is the mass of the field, and XJi n t is a self-interaction potential. As discussed in [22] for /j 2 > 0, 
this model possesses finite mass solutions even in the absence of self-interaction, f7 int = 0, the so-called 
'mini-boson stars'. 



2 Rotating AdS boson stars were found however in d = 3 [31] and also in d = 5 [32] dimensions, where a special ansatz 
proposed in [33] allows to deal with ODEs. 
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However, the inclusion of an interaction potential may lead to a more complex picture (see e.g. [34] for 
the A = case). Our choice of Ui nt was guided by the requirement that nontopological solitons exist also in a 
fixed AdS background. Moreover, we are interested in the case when the solutions would possess a nontrivial 
static limit. As discussed in [1], this requires the occurrence of negative energy densities, i.e. U(\<&\) < in 
some region. Since, in order to make contact with the previous work on mini-boson stars, we restrict the 
numerical part of our study to the case /x 2 > 0, this implies that Ui nt is not strictly positive. 

We have found that the simplest choice of the interaction potential satisfying these conditions is U int = 
— A|<I>| 2fe , with k > 1 and A > 0. Most of the results in this work are found 3 for k = 2, such that 

C/(|<I>|) = M 2 |<I>| 2 -A|cl>| 4 . (2.8) 

Although the action (2.3) together with (2.8) does not seem to correspond to any supergravity model, it is 
likely that some features of its solutions are generic. In particular, we have found the same general picture 
for a more general potential (which was used in the previous studies [28] , [29] , [30] on A = spinning Q-balls 
and boson stars) 

£/(|*|) = M 2 |$| 2 - A|$| 4 + H$| 6 , (2.9) 
provided that the new coupling constant v > is small enough. 



2.2 The Ansatz 

We are interested in stationary axially symmetric configurations, with a spacetime geometry admiting two 
Killing vectors d t and d v , in a system of adapted coordinates {t, r, 9, ip}. Thus the line element can be 
written as 

ds 2 = -F Q Ndt 2 + Fx + r 2 d9 2 ^j + F 2 r 2 sin 2 9 (dtp - ydtj . (2.10) 

The metric functions F , Fi, F 2 and W depend on the variables r and 9 only, while 

iV-l + ^J (2.11) 



is a suitable 'background' function. 

For the scalar field $ we adopt the stationary ansatz 

S(t, r, 9, if) = 4>(r, 0)e < ( n * , - &rt ) , (2.12) 

where <p(r, 9) is a real function, and uj and n are real constants. Single- valuedness of the scalar field requires 
= $(27r + <p); thus the constant n must be an integer, i.e., n = 0, ±1, ±2, ... . In what follows, we 
shall take n > and uj > 0, without any loss of generality. 

The spherically symmetric limit is found for n = 0, in which case the functions Fq,F\, F 2 and (f> depend 
only on r, with F\ — F 2 and W = 0. 



2.3 The boundary conditions 

The solutions in this work describe horizonless, particle-like configurations. A study of an approximate form 
of the solutions as a power series around r = leads to the following boundary conditions at the origin 4 : 

9^^=0 = 0, W\ r=0 = 0, 0| r=o = O, (2.13) 

3 Note that the exact solution with spherical symmetry in Section 3 covers a more general range of k. 
4 For spherically symmetric solutions, the scalar field is nonvanishing ar r = 0. 
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(with i = 0,1,2). At infinity, the AdS background is approached, while the scalar field vanishes. Without 
any loss of generality, we are choosing a frame in which the solutions do not rotate at infinity, the con- 
formal boundary being a static Einstein universe R x S 2 . The boundary conditions compatible with these 
requirement are 

F i | r _ >00 = l, W\ r ^ 00 = Q, 0| r ^oo = O. (2.14) 

For 9 — 0, ir we require the boundary conditions 

d e F i \o= ,* = 0, d e W\ e=o ,„ = 0, <j>\e=o,n = 0- (2.15) 

The absence of conical singularities imposes on the symmetry axis the supplementary condition Fi\e=o,n = 
F 2 \e=o,Tr, which is used to verify the accuracy of the solutions. 

Also, all solutions in this work are invariant under the parity transformation 9 — > n — 9. We make use 
of this symmetry to integrate the equations for < 9 < ir/2 only, the following boundary conditions being 
imposed in the equatorial plane 

deF l \ g=7r/2 = 0, d W\ e=7r/2 = , d e 4>\ e =*/2 = . (2.16) 
2.4 The far field asymptotics and global charges 

For solutions with ^ 2 > (the only case considered in the numerics), the scalar field decays asymptotically 

as 

ci(f) 



J(i+Vi+| 



+ ... . (2.17) 



The physical interpretation of c\(9) is that it corresponds, up to a normalization, to the expectation value 
of some scalar operator in the dual theory. 

Without entering into details, we mention that the picture is more complicated [35] if one allows for a 
tachyonic mass of the scalar field, /j, 2 < 0. For —9/4 < fi 2 £ 2 < —5/4, the general asymptotic behaviour of 
the scalar field is more complicated 5 , with the existence of a second mode apart from (2.17): 

Cl (9) c 2 (9) 

where 



A ± = ^l±^l + ^ 2 j. (2 . 19) 

For this range of [i 2 < 0, both modes above are normalizable in the sense that the spatial integral of f is 
finite, i.e. the scalar field possesses a finite Noether charge. To have a well defined theory, one must specify a 
boundary condition at infinity, i.e. to choose a relation between a and c 2 , the standard choice being c 2 = 0. 
However, as discussed e.g. in [8], [36], the solutions with a slower decay at infinity, c 2 ^ 0, are also physically 
acceptable, the AdS charges involving in this case a scalar field contribution (thus the expression (2.22) 
below would not be valid). 

Restricting to the case fj, 2 > 0, the scalar field decays asymptotically faster than 1/r 3 and thus the 
Einstein equations (2.4) imply the following form of the metric functions as r — >• oo 

^ = 1 + ^1+0(1/^ Fl = 1 + ll^l + (l/r% 

F 2 = 1+ fx^l + (l/r% W = ^l + 0(l/r% (2.20) 



5 For a field which saturates the Brcitcnlohncr-Frccdman bound fi 2 £ 2 = —9/4, one finds A+ = A- = A, and the second 
solution asymptotically behaves like log r/r A . 
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in terms of two functions /13 (6*) and u>2(0) which result from the numerics, with 



/03(e) = -3/i 3 (0) - \ tan0/{ 3 (0), and f 23 (9) = / 13 (0) + ^ tan0# 3 (0). 



(2.21) 



A straightforward computation based on the formalism in [38] leads to the following expression for the 
mass-energy E and angular momentum J of the configurations 



E 



1 r 

'SGPJo 



d0 sin 0(5/i3(0) +3/23(0)), J = -^qI d9sm 3 dw 2 (0). 



(2.22) 



(Note that the same result can be derived by using the Ashtekar-Magnon-Das conformal mass definition 
[39]). Moreover, the same expression for the angular momentum is found from the Komar integral: 



V *c V r ) .r I 1 I N V F (; 



J = I KV^gdrdOdip = - J °° dr £ d9 

The solutions possess also a conserved Noether charge {i.e. the total particle number) 

fy/^gdrdfidtp = 2tt / dr I 
Jo Jo 



sin^ OW 1 



dd 2rsin0F n /-f ^-(ujr-nW). 
V ^0 A 



.(2.23) 



(2.24) 



Since = nj*, from (2.23) and the Einstein equation = 8ttGT^ we find that the generic relation 

J = nQ , (2.25) 

(which was proven in [26] for asymptotically fiat spinning solutions) holds also in the AdS case. As a result, 
the spinning solitons do not emerge as perturbations of the spherically symmetric configurations, i.e. there 
are no slowly rotating solutions in this model (note also that the expression of the scalar field potential was 
not used in the derivation of (2.25)). 

These scalar solitons have no horizon and therefore they are zero entropy objects, without an intrinsic 
temperature. The first law of thermodynamics reads in this case [15] dE = ujdQ = ^dJ. 



2.5 The numerical scheme 

There are not many studies on numerical solutions of Einstein gravity with negative cosmological constant 
coupled with matter fields, describing stationary, axially symmetric configurations. The model in this work 
provides perhaps the simplest test ground for investigating various approaches and developing numerical 
techniques for elliptic problems with AdS asymptotics 6 . 

The solutions of the field equations (2.4), (2.6) are found by using an approach originally proposed 
in [40] for d = 4 asymptotically fiat solutions of Einstein gravity coupled with Yang-Mills gauge fields. 
The equations for the metric functions T = (Fq, F\, F2, W) employed in the numerics, are found by using 
a suitable combination of the Einstein equations (2.4), E\ = 0, E r r + Eg = 0, E% = and E 1 * = 0, 
which diagonalizes them w.r.t. \7 2 F (where V 2 = d rr + \d r + -pjjdgg). An important issue here concerns 
the status of the remaining equations Eg =0, E r r — Eg = 0, which yield two constraints. Following 
[41], one can show that the identities V At £' A "' = and V ' ^E^ 9 = 0, imply the Cauchy-Riemann relations 
d f V 2 + d e Vi = 0, dfVi - d V 2 - 0, with Vi = V^V E e, ^2 = ^gr^/N{E r r - E e g )/2 and dr = 
Therefore the weighted constraints still satisfy Laplace equations, and the constraints are fulfilled, when one 
of them is satisfied on the boundary and the other at a single point [41]. From the boundary conditions 
(2.13)-(2.15) we are imposing, it turns out that this is the case for our solutions, i.e. the numerical scheme 
is consistent. 

^Because the ansatz (2.12) has an explicit dependence on both ip and t, the scalar field is neither static nor axisymmetric. 
However, all physical quantities, such as the current and the energy-momentum tensor T M „, will exhibit no dependence on 
ip and (. 
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To obtain spinning boson star solutions, we solve numerically the set of five coupled non-linear elliptic 
partial differential equations for (J 7 , <fi), subject to the boundary conditions (2.1 3)-(2.15). We employ a 
compactified radial coordinate f = r/(l + r) which maps spatial infinity to the finite value f = 1. Then the 
equations are discretized on a non-equidistant grid in f and 9. Typical grids used have sizes 250 x 30, covering 
the integration region < r < 1 and < < tt/2. (See [40] and [42] for further details and examples for 
the numerical procedure.) The; numerical calculations arc: based on the Newton- Raphson method and are 
performed with help of the software package FIDISOL [42], which provides also an error estimate for each 
unknown function. The typical relative error for the solutions in this work is smaller that 10 -3 . 



3 The solutions in the probe limit 

We shall start with a discussion of the solutions in a fixed AdS background, i.e. without backreaction, 
Fq = F\ = F2 = 1, IT = in the metric ansatz (2.10). The problem is much easier to study in this limit 
and the solutions exhibit already some basic features of the gravitating configurations. 

The usual Derick-type scaling argument (see e.g. the discussion in [43] for the A — limit) implies that 
the Q-balls in a fixed AdS background satisfy the following virial identity 

s: *r —» k + 1 + + 3 h - ^) + 1 (* + ^) ] - »■ < 3 -> 

which was used as a further test of the numerical accuracy. It is clear that the solutions with a strictly 
positive potential, U(<p) > 0, owe their existence to the harmonic time dependence of the scalar field. Also, 
the solutions may exist in the co — > limit as long as U{<p) is allowed to take negative values. 

As usual in the absence of back reaction, the total mass-energy E and angular momentum of the configu- 
rations are found by integrating over the entire space the components —T\ and Tj£ of the energy momentum 
tensor. 



3.1 Spherically symmetric configurations. An exact solution 

In the spherically symmetric limit, the equation (2.6) with a self-interaction potential Vint — —\(f> 2k admits 
the following simple exact solution, which to our knowledge, was not yet discussed in the literature: 

with A = A±, as given by (2.19). 

For this exact solution, the coefficient k of the self-interaction term in the scalar field potential (2.8) is 
fixed by A, 

k = l + — . (3.28) 

This is a one parameter family of solutions which, for given input parameters /i 2 , X and £, can be parametrized 
by the frequency of the field. Choosing A = A + leads to a range 1 < k < 5/3 for the parameter k in the 
self-interaction potential, the solutions possessing in this case a finite mass-energy and Noether charge: 

E - v ^> (t) 4 ( ^(1 + 1) )* (A2 + " V(2A + 1}) ■ (3 - 29) 



2 \\J r(A + l) V(A-3)(A + 1) 
with V 2 — 47r the area of two-sphere. 
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Figure 1. The mass-energy and Noether charge of the exact solution (3.27) with a 3 -self interaction potential 
are shown as a function of frequency. 



An interesting case here corresponds to k = 3/2, i.e. an ($*$) 3 / 2 interaction term 7 in the potential (2.8). 
This case is realized for a scalar field mass (i 2 = —2/£ 2 and a choice A = A + = 2. The total mass-energy 
and Noether charge of this solution are given by 

E ^'W< 4 - fV » 2 < 4 + 5 ' 2 " 2 »- Q = V ™ il Kxf f - <"»> 

being shown in Figure 1 as a function of the frequency. 

Remarkably, the picture in Figure la has been recovered for most of the numerical solutions with a 
self-interaction potential and fi 2 > in this work (including the spinning ones with n^O). The occurrence 
of an extra-branch of solutions with lo > uj c (see Figure lb) is a feature of the </> 3 potential. (Note that this 
branch does not appear for the exact solution with a 4 potential.) 

For the same value of the scalar field mass, when choosing instead A = A_ = 1 in (3.27), (3.28), one 
recovers the model with a <fi 4 potential. Unfortunately, the total mass-energy of these solutions, as defined 
in the usual way as the integral of T t *, diverges linearly 8 , E = Edi V + E , with Edi V = —Vi ^~2\e ^ r c (where 
r c — »■ oo), while the charge is finite: 

^(l-^ 2 )(l + 3^ 2 ) ttMI-^I 2 ) r ,, n 
Eo = V2 16X1 ' Q = V2 4A ' (3 ' 31) 

Solutions beyond the framework (3.27), (3.28) are found by using a numerical approach, for a generic 
ansatz <J? = <\>(r)e~' iut . Here, for simplicity we restrict ourselves to the case of nodeless solutions. Then, for 
yu 2 > and a self- interaction potential Uint — — A</> 4 , it turns out that the picture in Figure la is generic. 
For any A, the solutions exist for a limited range of frequencies, < lj < u c = A + /£. The mass-energy 
and Noether charge are bounded and approach a maximum for some w around oj c /2. The same pattern is 
recovered in the presence of an extra self-interaction term (with v > 0), provided that the new coupling 
constant is small enough. 



3.2 Spinning scalar solitons in an AdS background 

The spinning generalizations of these solutions are found by taking n ^ in the general ansatz (2.12). For 
a 4 self-interaction potential, apart from the winding number n, the input parameters are £, lo, \i and A. 

7 A f/(l)-symmetric cubic interaction (<!>*<E>) 3 / 2 in the potential is not unusual in the Q-ball literature, sec e.g [44], [45], such 
terms occurring in the minimal supcrsymmetric standard model. 

8 However, the mass can be regularized by supplementing the action with a suitable scalar field boundary counterterm. 
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Figure 2. Left: The mass-energy E and angular momentum J of n = 1 spinning nongravitating Q-ball solutions are 
shown as a function of the cosmological constant A for two values of the frequency uj. Right: The mass-energy E of 
n = 1 spinning nongravitating Q-ball solutions with a potential U(cj>) = fJ- 2 4> 2 ~~ ^4> 4 + u 4> 6 are shown as a function of 
the frequency for several values of the coefficient of the (f> 6 term. 



However, the model admits the scaling symmetry r — > r/fi, uj — > w/x, £ — > together with the scalar field 
redefinition (j> — > (f>/c, A — > Ac 2 , which allows us to set [i = A = 1 without any loss of generality. 

The following picture appears to be generic for the numerical solutions in this work: first, no solutions 
exist for frequencies above a critical value uj — lj c . As uj — > u) c , the solution emerges as a perturbation 
around the ground state = 0, with 

5<j>{r, 6) ~ —^7^77 (3.32) 

being the regular solution of the linearized Klein-Gordon equation in a fixed AdS background (here we 
restrict our discussion to nodeless configurations) . The critical frequency is given by 

' + A (3.33) 



I ' 

being found by requiring the perturbation S(f>(r,9) to be regular at both r — > and r — >• ex). This upper 
bound on the frequency is universal, and holds also in the presence of gravity. 

When decreasing the frequency, the nonlinear term in (f> starts to contribute and the mass-energy and 
the angular momentum of the solitons start to increase. Both E and J approach a maximum at some 
intermediate value of w, decreasing afterwards. As uj — > 0, the solutions describe finite mass, static, axially 
symmetric (for n =^ 0) solitons, though with a vanishing Noether charge. 

The dependence of the solutions on the cosmological constant is shown in Figure 2 (left). One can see 
that the pattern depends on the value of the frequency. For to > fi, the solutions stop to exist for a maximal 
value of the cosmological constant, A = , ~" ' (which results from (3.33)), where 

both E and Q vanish in that limit. For uj < fj,, one finds solutions for all values of cosmological constant, 
including A = 0. 

We have also constructed AdS generalizations of the flat spacetime Q-balls with the usual potential choice 
(2.9). As one can see in Figure 2 (right), the picture found for the 4 -model is recovered for small enough 
values of v. However, for v above a critical value (around 0.67 for those parameters), the solutions exist 
only for uj m i n < uj < uj c (with uj min > 0). Similar to the flat space solutions [29], both the mass-energy and 
Noether charge diverge asw^ ui min . 
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Figure 3. The mass-energy E and the angular momentum J are shown as a function of the frequency uj for 
(mini-)boson star solutions without a self-interaction potential (left) and for gravitating Q-balls with a cj> 4 interaction 
potential (right). 

4 Gravitating spinning scalar soliton 

We have found that all Q-balls in a fixed AdS background allow for gravitating generalizations. Moreover, 
nontrivial solutions are found in this case even in the absence of a self-interaction term in the scalar potential 
(2.8), generalizing for J ^ the static AdS boson stars in [22]. 

Let us start with a brief discussion of those configurations with U = /j, 2 <j) 2 (usually called mini-boson stars 
in the literature), which play an important role in the limiting behaviour of the configurations with a cf> 4 
term in the potential. Restricting again to a real mass of the scalar field, yu 2 > 0, the usual rescaling r — ► rpL 
implies that the model depends on two dimensionless parameters, l[i and oj/fJ,, only, the factor I/^/SttG 
being absorbed in <f>. Our results show that similar to the spherically symmetric case, the spinning solutions 
exist for a limited range of frequencies < u> m in < uj < uj c , emerging as a perturbation of AdS spacetime 
for a critical frequency uj c as given by (3.33). Thus, as expected, the value uj = is not approached in the 
absence of a scalar field self- interaction 9 . As uj — > uj m in, a backbcnding towards larger values of uj is observed, 
see Figure 3 (left). We conjecture that, similar to the spherically symmetric case, this backbending would 
lead to an inspiraling of the solutions towards a limiting configuration with uj > uj min . Note also that the 
mass-energy and the angular momentum of these mini-boson star solutions stay finite in the allowed range 
of frequencies. 

The picture is more complicated for solitons with a self-interaction term in the potential. For simplicity, 
we shall restrict 10 our discussion to the case of a </> 4 potential (2.8). Without any loss of generality, one 
can set [i = A = 1 for the two parameters in (2.8). This choice is achieved by using the rescaling r — > r/fi, 
I — > £/ fi, uj — > ujfi, together with a redefinition of the scalar field (f> — > cpfi/VX. This reveals the existence of a 
dimensionless parameter a 2 = 47rG/i 2 /A, such that the Einstein equations read Rij — \gijR + Kgij — 2a 2 Tij, 
with a = corresponding to the probe limit discussed in Section 3. 

Starting with the dependence of the solutions on the frequency, we have found that for a given A, this is 
fixed by the parameter a. The spinning solutions with large enough values of a exhibit the same pattern as 
in the absence of a self-interaction term (although with a smaller value of 0J m in), and the picture in Figure 3 
(left) is recovered (the same result was found also for A = solutions [29]). However, for values of a below 
a critical value {i.e. for large enough A) the picture for Q— balls in an AdS background is recovered. 

9 Finding AdS static solitons requires a violation of the energy conditions [1], which is not the case for the boson stars with 
[/(|$|) = ,u 2 |$| 2 >0. 

10 However, we have also constructed gravitating solutions with a c/> 6 -term in the potential, in which case we did not find new 
qualitative features. 
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Figure 4. Le/t' The energy density of a static axially symmetric gravitating soliton with ui — 0, n — 2 is shown for 
several different angles as a function of the radial coordinate. Right: The mass-energy E and the angular momentum 
J are shown as a function of the coupling constant a = a/47tG/i 2 /A for boson star solutions with a cj> 4 self interaction 
potential for two different frequencies. 



Thus, for any n, the solutions exist for a range of frequencies < uj < u> c , see Figure 3 (right). In both 
cases, the configurations with small E, J are just perturbations of AdS. These solitons branch off from the 
AdS spacetime for the specific value of the frequency given by (3.33). 

However, different from the case discussed above with = /i 2 |$| 2 , a self-interaction term in the 

potential leading to negative energy densities, allows for a nontrivial limiting solution with u = 0. This is 
a new type of soliton, which is different from other solutions with gravitating scalar fields in the literature 
[1], [2], [3]. Although it is static (d/dt being a Killing vector of the configuration), the geometry has axial 
symmetry only, being regular everywhere, in particular at r = and on the symmetry axis. Also, this 
solution has a vanishing Noether charge; however, its mass-energy is finite and nonzero (see Figure 4 (left) 
for a plot of the energy density for a typical configuration with n = 2; one notices the existence of a region 
with negative energy density, p — — T t * < 0). 

Concerning the dependence on a 2 = 47rGyU 2 /A, a central role is played here by the solutions with a |$| 2 
potential only. We have found that for a range of the frequency w min < uj < uj c (with u min the minimal 
allowed value of the frequency for the boson stars without a self- interaction term), the solutions exist for 
arbitrarily large values of a. Similar to the asymptotically flat case [29], the limit a — »■ oo corresponds (after 
a rcscaling) to the solution of the |<&| 2 -model. The picture is different for smaller frequencies, lj < oj min , 
in which case there are no solutions in the |<I>| 2 model. The numerical calculations indicate that, in this 
case, the range of a is bounded from above, and a critical configuration is approached for a — > a c , with 
a c depending on uo and I. This limiting soliton has a finite mass-energy and Noether charge. (These two 
cases are illustrated in Figure 4 (right).) Unfortunately, the numerical accuracy does not allow to clarify the 
limiting behaviour at the critical value of a. We notice only that, as a — > a c , the metric function F almost 
reaches zero at r = 0, while the other functions remain finite and nonzero (although F\ and F2 take large 
values at the origin). 

We remark also that for all spinning solutions, the distributions of the mass-energy density — T\ are very 
different from those of the spherically symmetric configurations, i.e. the typical energy density isosurfaces 
have a toroidal shape. However, although the violation of the positive energy condition is a generic feature 
of the solutions with Ui nt = — A|$| 4 < (at least for small enough values of u>), the mass-energy of all our 
solutions as given by (2.22) is strictly positive. 

We close this Section by noticing that, similar to the A = case [30], the AdS rotating boson stars 
possess ergoregions in a large part of their domain of existence. The ergoregion resides inside the ergosurface 
defined by the condition g tt = —F N + F 2 sin 2 9W 2 = 0, in the metric parametrization (2.10). This type of 
configurations are typically found for large enough values of to, n and a. 



10 



5 Further remarks 



In this work we have initiated a preliminary investigation of spinning Q-balls and boson stars in four dimen- 
sional AdS spacetime. This study was partially motivated by the recent interest in solutions of AdS gravity 
coupled to scalar fields only. The picture we have found has some interesting new features as compared to 
the well-known case of solutions with a vanishing cosmological constant. Perhaps the most interesting new 
result is the existence of axially symmetric solitons with a smooth static limit possessing a vanishing Noether 
charge. Also, all solutions have an upper bound on frequencies, which is fixed by the scalar field mass and 
the cosmological constant. 

Moreover, we expect the existence of a much richer set of spinning scalar solitons apart from the solutions 
reported in this work. For example, the A = Q-balls and boson stars with odd parity with respect to a 
reflection in the equatorial plane reported in [30], should allow for AdS generalizations. In particular, it 
would be interesting to construct AdS 1 twisted Q-balls and boson stars, which combine features of both even 
and odd parity solutions [43]. For such configurations, the scalar field is endowed with a (r, #)-dependcnt 
phase, $ = <f>(r, ey^f^t+^^e)) = ^ + -jy(n V ~ut) ) such that the amp i itudc of the sca i ar nc i d 

vanishes in the equatorial plane. This would lead to a 'topological charge' of the solutions (see [43] for the 
details of this construction in the fiat spacetime case). Also, the issue of AdS vortons, i.e. spinning vortex 
loops stabilized by the centrifugal force, still remains to be investigated. The results in this work suggest 
that the AdS picture may be very different as compared to the one found in the flat spacetime limit [43], 
[46]. 

A natural question which arises concerns the issue of higher dimensional counterparts of the solutions dis- 
cussed in this paper. Working in the probe limit, we have found that the general picture we have presented for 
d = 4 remains valid for spinning solitons with a single angular momentum in d — 5, 6 dimensions. Therefore 
we expect it to be generic for any d > 4. Moreover, for the same self-interaction potential U int — —\(f) 2k (with 
k still given by (3.28)), the exact Q-ball solution (3.27) admits a straightforward generalization 11 for any 

d > 3, with $(r,t) - (£ (A _y_^g +1)) )* (l + £) "V*", and A = \ ((d - 1) ± ^(d-l^+^p) . 

Also, based on some preliminary results, we conjecture that it is possible to add a small black hole in the 
center of the d = 4 solitons with a harmonic time dependence studied in this work. Therefore the inclusion of 
rotation would allow to circumvent the no-hair results in [11], [22]. Indeed, such solutions were constructed 
recently in [32] for d — 5 and a complex doublet scalar field, in which case a special ansatz [33] allows to 
deal with ODEs. 

It would be desirable to study all these solutions also from an AdS/CFT perspective and to see what 
they correspond to in the dual theory. 

We close by remarking that the study of Q-balls and boson stars is interesting from yet another point 
of view. This type of relatively simple configurations provide an ideal ground for investigating various nu- 
merical techniques on axially symmetric problems with AdS asymptotics, which thereafter can be applied 
to more complex models. 
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